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|x− y| dy
2}79
p
X*f
Φ
puilkfdncjilzhpTpqincabofq_ainkp
s
drkp
Γ× 	 + s X@n

(Kp−DΦ) + 1
2cη
∂Φ
∂t
= −∂uinc
∂n
∂
∂t
(Sp−K ′Φ) + cη
2
p = −∂uinc
∂t
2A 9
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;{k8¤¥zhv¦bVXvkfq_aX*c¡Iink8inmCU*zhXcaXwSdrkVlX*WYX*kf s Xgdnzq_edrVcaX
λ = −p/ik = c.p/(−iω) dDIk s   SVir­
WYiln*k*_epuXvzcjXpgdnzq_edrVcaXvpXf s X%pqt`W\*fqzh_apqX*zNcjX\putopufqUvW\Xl§C°ª  ilmvzhdrfq_aink s X s _a_epq_jilkKmdrz −iω s dnkp
caX s inWdr_akVX%¤¥zq¦bVX*kfq_aX*c
¦lb_jgdrbVf¢Xvk:fhX*WYmilzqXvc{©bVkX%_akfq*lzhdrfq_ainkI§°IXYwSdnkVnXvW\Xvkf s X\gdrzh_adnVcaX
¦bV_jgdncjXvklfpv  wzh_¼f s ilkw n 

P(x,t) = c
∫ t
0
p(x,τ)dτ
p(x,t) =
1
c
∂P
∂t
(x,t)
2@9
~ﬁilW\WYX
p
X*f
Φ
 P(x,t) Xp}fbVk_¼¤¥ilzqWY*WYXvklfk`bVcacaX,milbVzTfqilbof t ≤ 0 §]`_ s drkp2A 9 ilkPzqXvW\mcadlwX
p
mdnz P oXf¦bVXc¡  ilkW%bVc¼fh_jmcj_aXcad\mVzhX*WY_aU*zhXv¦bdgfh_jilkmdrz −c oink'inVfq_aX*kfTn

cDΦ−K ∂P
∂t
− 1
2η
∂Φ
∂t
= c
∂uinc
∂n
∂
∂t
(S
∂tP
c
−K ′Φ) + η
2
∂tP = −∂uinc
∂t
hji
hji  
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º 
¢drkp)wX*fufqX
¤¥ilzqW%bVcedgfq_ainkÕ ∂uinc
∂n
Xf ∂uinc
∂t
puilkfIcjXp
s
inkkV*Xp
s
bmVzhinVcaU*WYXl§°ÕdTmVzhX*WY_aU*zhX{v¦bdgfh_jilk
Xp}fTfhXvpufq*X,dlXvw ∂Ψ
∂t
Vink'inVfq_aX*kfTn
−
∫


∫
Γ×Γ
∂
∂nx
∂tP(y,t− |x− y|/c)
4pi|x− y|
∂Ψ
∂t
(x,t)dxdydt
−1
c
∫


∫
Γ×Γ
~n(x).~n(y)
4pi|x− y|
∂2Φ
∂t2
(y,t− |x− y|
c
)
∂Ψ
∂t
(x,t) dxdydt
−c
∫


∫
Γ×Γ
1
4pi|x− y|
~rotΓΦ(y,t− |x− y|
c
) ~rotΓ
∂Ψ
∂t
(x,t) dxdydt
− 1
2η
∫


∫
Γ
∂Φ
∂t
(x,t)
∂Ψ
∂t
(x,t) dxdt
=
∫


∫
Γ
c
∂uinc
∂n
(x,t)
∂Ψ
∂t
(x,t) dxdt
2¥ZX9
y$inbzcadpqXvw*ink
s
X¢v¦bdrfq_ainkIoilkPbofq_acj_epqX¢ced\¤¥inkw3fq_ainkfqXp}f
q
ink'inofh_jXvklfn
1
c
∫


∫
Γ×Γ
1
4pi|x− y|
∂2P
∂t2
(y,t− |x− y|/c)q(x,t)dxdydt
−
∫


∫
Γ×Γ
∂
∂t
∂
∂ny
Φ(y,t− |x− y|/c)
4pi|x− y| q(x,t)dxdydt
+
η
2
∫


∫
Γ
∂tP(x,t)q(x,t) dxdt
=
∫


∫
Γ
−∂uinc
∂t
(x,t)q(x,t) dxdt
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kKpqX s inkVkXmilbVzcedYzqpuilcjbofh_jilk s X,wX,mzqilVcjUvWYXbVkPmdnp s XfqXvW\mp
∆t
X*fmilbVz
n ≥ 0 ink'kVirfhX tn = n∆t §
¨
kbVfq_acj_epuX,dncjilzhp bVkX s _aphwzhfh_aphdgfh_jilkyXvkfhX*WYmpv§
°ÕXvp ¤¥inkw3fq_ainkp s XdnpqXvppqinkfkVinfq*Xp
γn(t)
2
n ≥ 1 9ﬁX*fpuilklf s IkV_aXvppqbVzced InbVzhXYn§
0
t t
n n+1
tt
n−1
1

	)3#$@ ﬁ!ﬀ& (!.
ﬀ&
γn
¨
k
s
IkV_jfX*kPinbofhzqX¢ced\¤¥inkwfq_aink
χn(t)
2
n ≥ 0 9 s ilklfcaXnzdrmVSXNXp}fzhX*mVzhvpqX*kfh)IlbVzhXV§
1
0
t t
n−1 n
t

	ﬂ3#$@ ﬁ!ﬀ& (!.
ﬀ&
χn
¨
k=dYdrcainzpgn 

∂γn
∂t
=
1
∆t
[χn − χn+1]
∂2γn
∂t2
=
1
∆t
[
δtn+1 − 2δtn + δtn−1
]
hji
hji Ti  
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V¹ 
¨
k pqXmVzhinmCilpqX
s
Xzqpuilb
s
zhXc¡  ¦lbdgfq_aink X*kFXpumdlwXmdrz\bVkVX'W\*fqSVi
s
X
s
  vcjvW\Xvkfhp IkV_ap¢pqbVzu¤@dlw_e¦bVXvpv§°ÕdpubVzq¤@dnw*X
Γ
s
X%cA  inV|}XfXp}f¢WYdn_jcaca*X©c¡  dr_
s
X
s
  bVkVXfqzh_adnkVnbVcedgfh_jilk
Th w*inWYmilzufdrkf NT vcjvWYX*kfhpfqzh_edrkVlbVcadn_jzhXvpXf NS puilWYW\X*fhpv§y)ilbVz'cad ¤¥inkwfq_aink Φ(x,t) 2@¦bV_
zhX*mzqpuXvklfhXcjX%pqdnbof
s
X,mzqXpqpq_jilk93ink=bofh_jca_apqX,bVkX
s
_epqw*zq*fq_epqdrfq_aink=y,Xvk=Xvpqmdnw*Xn§C~ﬁSdn¦bVX¤¥ilkw3fh_jilk
s
X%dlpuX
ϕi
dnXvw
1 ≤ i ≤ NS Xvpufdlpqpqiow_a*X\©bVk puilWYW\X*f Si 2Aw3¤}§ IlbVzhX%rj93XfX*cacjXYXp}f s !IkV_jX
mdrzTn {
ϕi(Sj) = 1
pu_
i = j
X*fYpu_akVink
ϕi
Xp}fy,pubVzwSdn¦bVXNfqzh_adnkVncaX
?_jkpq_¡
s
drkpTbVk'fqzh_adnkVncaXn
ϕj(M)
Xp}fcedYwi`inz
s
inkkV*X¢drzhtowXvklfhzq_e¦bVX
s
X,²7pqbVzcaX,puilWYW\X*f
j
§
â¥à$ÖIâäÒ
 
	 ﬀﬁﬃﬂ! "ﬀ#$%ﬁ!&')(*ﬀ,+-.
/!0 Ł
Tj
0
10
0
 
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1
O
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y$inbz\ced:¤¥inkwfq_aink
p(x,t)
2@¦bV_zhX*mVzhvpqX*kfhXcaX'phdrbof
s
X'cad
s
vzq_anvXkVilzqWdrcaX
s
XmzqXpqpq_jilk93$ink
bVfq_acj_epuX¢bVkVX
s
_epqw*zq*fq_epqdrfq_aink
P0
pubVzwSdl¦bVXfhzq_edrkVlcjXl§°ÕXvpª¤¥inkwfq_ainkp
s
X¢dlpuX¢puXvzqilklf kVirfh*Xp
pj
dnXw
1 ≤ j ≤ NT §ﬂ~ﬁXvpT¤¥ilkw3fh_jilkppqinkfw*inkpufhdnklfhXvpmdrzfhzq_edrkVlcjXlVgdrcedrkf,pqbVzcaXfqzh_edrkVlcjX Tj XfNpqbVz
fhinbpTcaXvpdnbofqzhXvp 2Aw3¤}§InbVzhXnd9§
hji
hji Ti  
µ· o·¥µ
¨
k'kVirfhX,drcainzpgn


Φ(x,t) =
∑
1≤j≤NS
∑
m≥1
amj γm(t)ϕj(x)
P(x,t) =
∑
1≤j≤NT
∑
m≥1
bmj γm(t)pj(x)
y$inbzTfqinbVfqX
s
drfqX
m ≥ 1 oinkPkVinfqX Am Xf Bm cjXpTnXvwfqXvbVzhppqincabofh_jilkpT©%ced s drfqX tm n

Am =
[
amj
]
1≤j≤NS
Bm =
[
bmj
]
1≤j≤NT
;{kIkIilkmzqXvk
s
milbVzT¤¥inkwfq_ainkfqXp}fcaXvp ¤¥ilkw3fh_jilkp
Ψ
X*f
q
s
IkV_aXvpmdnzTn


∂Ψ
∂t
(x,t) = χn(t)ϕi(x)
q(x,t) = χn(t)pi(x)
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y{ced
*inkp,kVinbp s drkpbk mzqXvW\_aX*zfhX*WYmp s drkpcaXw*dlp s   bVk8ino|}X*f
Ω
zh_jl_ s Xn§I¢drkp,w*Xw*dlp*ﬂcaXvp
fhX*zhWYXvpTi P X*f η _aklfhX*zh`_jXvkVkVX*kf s _epumdrzdr_epqpqX*kfv`X*fcjX,pqtop}fhU*WYXp*  vw*zq_jfTn
−1
c
∫


∫
Γ×Γ
~n(x).~n(y)
4pi|x− y|
∂2Φ
∂t2
(y,t− |x− y|
c
)
∂Ψ
∂t
(x,t) dxdydt
−c
∫


∫
Γ×Γ
1
4pi|x− y|
~rotΓΦ(y,t− |x− y|
c
) ~rotΓ
∂Ψ
∂t
(x,t) dxdydt
= c
∫


∫
Γ
∂uinc
∂n
(x,t)
∂Ψ
∂t
(x,t) dxdt
Xvldnz s ilkp Wdr_aklfhX*kdnkfTcaXvp s _¼«*zhX*kfqXpWdgfhzq_ewXpﬁ_akfqXvzqlX*kdnklf s dnkpwXpqtop}fhU*WYXcj_akVvdn_jzhXn§
hji
hjii
h
´ o·
 ¥¹ `!$  
µ 	 º:lo  X*drz s inkpªcaX¢fqX*zhWYX s XldrbwSVXn`X*k'kVilbp zqXp}fhzqXv_jlkdrkf ©
cedY¤¥ilkw3fh_jilk s X,dlpuX
Φ(x,t) = ϕj(x)γn(t)
Xf©cad¤¥inkwfq_aink=fhXvpuf
∂Ψ/∂t(x,t) = ϕi(x)χm(t)
§
¨
k
ilofq_aX*kfTn
−1
c
∫
Γ×Γ
~n(x).~n(y)
4pi|x− y| ϕi(y)ϕj(x)
[∫


∂2γn
∂t2
(t− |x− y|
c
)χm(t) dt
]
dxdy
−c
∫
Γ×Γ
1
4pi|x− y|
~rotΓϕi(y) ~rotΓϕj(x)
[∫


γn(t− |x− y|
c
)χm(t) dt
]
dxdy
~ﬁilW\mVfqXfqXvk`b
s
Xvp
s
IkV_jfq_ainkp
s
X
γn
Xf
χm
Vced\mVzqXvWY_jUvzqX_aklfh*lzhdncjX¢X*kfqXvW\mp
s
X*`_aX*kfTn
∫


∂2γn
∂t2
(t− |x− y|
c
)χm(t) dt
=
∫


1
∆t
[
δtn+1 − 2δtn + δtn−1
]
(t− |x− y|
c
)χm(t)dt
=
1
∆t
[
χm(tn+1 +
|x− y|
c
)− 2χm(tn + |x− y|
c
) + χm(tn−1 +
|x− y|
c
)
]
=
1
∆t
[
χ1(
|x− y|
c
− tm−n−2)− 2χ1( |x− y|
c
− tm−n−1) + χ1( |x− y|
c
− tm−n)
]
°)dgdncjXvbVz
s
XwX*fufhX_jkfqvnzdrcaX%kX
s
*mCX*k
s
¦bVX
s
Xc¡  w*dnzufX*kfhzqXYcaXvp_ak
s
_ewXvp
m
Xf
n

s
dnkpcad
pqbV_jfqXTink\kVinfqX
s
inkw
k = m−n §r°ÕXﬁfhX*zhWYX χ1(|x− y|/c−tk) dnbVzdÎ|}bpufqXmCinbz{X«Xf s XTzhXvpufqzhX*_ak s zhX
c¡ V_akfq*lzhdncjXpqbVz
Γ× Γ dnboxgdrcaX*bVzp s X x Xf y n*zh_ﬁIdrkf |x− y|/c ∈ [tk,tk + ∆t] §
°)d\pqXvw*ink
s
X¢_akfqvnzdrcaXNXvkfhX*WYmppv  vwzh_jfTn
∫


γn(t− |x− y|
c
)χm(t) dt =
∫ ∆t
0
γ1(t + tk − |x− y|
c
)dt
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γ1
*fhdrkf\kVink k`bVcacjXX*kfqzhX
0
X*f
2∆t
$wXfqfqX_jkfqvnzdrcaXpuXvzhdKkVink k`bVcacjXmilbVz,fhinbofhXgdrcaX*bz s X
t′ = tk − |x− y|/c wilWYmVzq_epqXNXvklfhzqX −∆t X*f 2∆t oXfXvcjcaXdnb s zd n

1
2∆t
(t′ + ∆t)2
pq_
t′ ∈ [−∆t,0] 2%InbVzhXZld9
1
2∆t
((t′ + ∆t)2 − 3t′2) pu_ t′ ∈ [0,∆t] 2%IlbVzhX¢Zl9
1
2∆t
(2∆t− t′)2 pq_ t′ ∈ [∆t,2∆t] 2:InbVzhXZlw79
t’+ t∆
0
t−∆ t’ t∆ t2∆
1
 
Ä
−∆t ≤ t′ ≤ 0
t’+ t∆t’
0
t−∆ t∆ t2∆
1
 
Ê 
0 ≤ t′ ≤ ∆t
t’+ t∆t’t−∆ t∆ 2∆t
1
 
Í
∆t ≤ t′ ≤ 2∆t
 
	 CZ -&0 D# ﬀﬁm 
γ1
!&# 
t′
!
t′ + ∆t
±$_akdrcaX*WYX*kf*inkilofq_aX*kfÕ¦bVX{caX{fqXvzqWYX
s
  _jkfhX*zdnw3fh_jilkNXvkfqzhX{cjXp¤¥inkwfq_ainkp
ϕj(x)γn(t)
Xf
ϕi(x)χm(t)
kX
s
*mCX*k
s
¦bVX
s
X
(i,j)
XvkXvpqmdlwXX*f
s
X
k = m−n X*kfhX*WYmpv§ ¨ kkVinfqX Mk ced,Wdgfhzq_ewX s Xfhdn_jcacjX
NS × NS inofhX*k`bVXn§ ;{k s *lX*cainmVmdnkfcjXpX*xomVzqXpqpq_ainkp,w*_¼­ s XpqpqbpvÕinkFfqzhinbVlXcad:gdrcaX*bVz\pubV_agdrkfqX
mCinbzcA  *ca*WYX*kf
(i,j)
s
Xcad\Wdgfhzq_ewX
Mk
n
Ö)ÖÌﬀoÝ3éØ$p
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Mkij = −
1
c∆t
(∫ ∫
tk≤
|x−y|
c
≤tk+1
~n(x).~n(y)
4pi|x− y| ϕi(x)ϕj(y)dxdy
−2
∫ ∫
tk−1≤
|x−y|
c
≤tk
~n(x).~n(y)
4pi|x− y| ϕi(x)ϕj(y)dxdy
+
∫ ∫
tk−2≤
|x−y|
c
≤tk−1
~n(x).~n(y)
4pi|x− y| ϕi(x)ϕj(y)dxdy
+
∫ ∫
tk≤
|x−y|
c
≤tk+1
~rotϕi(x) ~rotϕj(y)
4pi|x− y|
c2
2
(tk+1 − |x− y|
c
)2
+
∫ ∫
tk−1≤
|x−y|
c
≤tk
~rotϕi(x) ~rotϕj(y)
4pi|x− y|
c2
2
(2∆t2 − (tk − |x− y|
c
)2 − (tk−1 − |x− y|
c
)2)
+
∫ ∫
tk−2≤
|x−y|
c
≤tk−1
~rotϕi(x) ~rotϕj(y)
4pi|x− y|
c2
2
(tk−2 − |x− y|
c
)2
)
]`_
k < 0
ÎcaXvp
s
inWdr_akVXvp
s
  _akfqvnzdgfq_aink pqinkf`_
s
XpX*f
Mk
Xvpufk`bVcacjX@nﬁwX*ced fqzd
s
bV_¼fcjX=¤@dn_¼f
¦bVXPced5¤¥inkwfq_ainko­¡fqXp}f
ϕi(x)χm(t)
kI  _jkfhX*zdrn_jfYmdnpdlXvwcjXp\¤¥inkwfq_ainkp
ϕj(x)γn(t)
¦lb_cjbV_Npuilklf
mCilpufqvzq_aX*bzqX=Xvk fqXvW\mp 2
n > m
9§~N  XvpufbVkX:mVzhinmVzh_afq=XpqpqX*kfh_jXvcjcaXKmCinbVz'milbVnil_jzzqpuilb
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∑
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An
inkKwvdrcewbVcaXpqink=dnwfq_ainkKpqbVzcedpufqzhbw3fhbVzhX,drbox
s
dgfhXvpN©nXvkV_jz
tn+1

tn+2
)§*§v§*
tn+kmax
§¢drkpNwX*fufqX%drmVmVzhiowSVXncjXp
s
inkkV*Xp_akw_
s
X*kfhXvp
Ln
pqinkfmzq*­ wvdrcewbVca*Xp
mCinbzTfqinbpTcjXpmdnp
s
XNfhX*WYmpv§0;{kpqbV_jfqXl©YwSdn¦bVX¢mdlp
s
XfqXvW\mp
tn
VinkPw*dncaw*bVcaX@n
°ÕdYpqincabofq_aink
An
X*k'zqpuilcjgdrkf
M0.An = Ln
§
Ö)ÖÌﬀoÝ3éØ$p
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°Î  dnwfq_aink s X
An
pubzcjX¤¥bofhbVzTnmilbVzTfqilbof
k > 0

Ln+k ← Ln+k −Mk.An §
~N  XvpufwX*fufqX s X*boxo_aU*WYXfdrmCX,¦lbXcad\WYfhSVi s X,Wbc¼fh_jmC£ncaXfqXvW\mCinzhX*cacaXpqXmVzhinmCilpqX s   dlw*w**ca*zhX*z§
¨
kpqX s ilkVkVX s inkwbVkVX¤¥ilkw3fh_jilk
Φ(x,t)
2 s IkV_aXmdnzÎcad s inkkV*X s X
An
93XfﬁmCinbzÎfqilbofqX¤¥inkwfq_ainko­
fhXvpuf
∂Ψ/∂t(x,t) = ϕi(x)χm(t)
mip}fh*zh_jXvbVzqX¢X*k'fhX*WYmp 2
m > n
9 ilk'wSX*zwSVX¢©YwvdrcewbVcaX*zn
−1
c
∫
t∈


∫
Γ×Γ
~n(x).~n(y)
4pi|x− y|
∂2Φ
∂t2
(y,t− |x− y|
c
)ϕi(x)χm(t) dxdydt
−c
∫
t∈


∫
Γ×Γ
1
4pi|x− y|
~rotΓΦ(y,t− |x− y|
c
) ~rotΓϕi(x)χm(t) dxdydt
2
 
9
¨
k%mXvbof$zdrmmVzqiowSVXvzÕwX*fufhXﬁWY_epuXﬁX*k¦bdgfh_jilk s X w*X*cacjXª¤@d efqXTdnXw{cadWYfqSi s XﬁW%bVc¼fh_jmC£ncaX zhdnmV_ s X
¤¥zhv¦bVXvkfq_aX*cacjX¦bV_VmCX*zhWYXf s Xzhvdrca_epuXvz s X WdnkV_jUvzqXTwinkinWY_a¦bVX s Xp
mVzhi s bV_¼fp
Wdgfqzh_ewX­ nXw3fhX*bVz§
¨
k
pqX s inkVkVX\drcainzpbVk5nXw3fqXvbVz
(ti)1≤i≤n
zhX*mVzhvpqX*kfdrkfced¤¥inkw3fq_aink
~t(x) =
∑
1≤i≤n ti.~ϕi(x)
Xfink
wSX*zwSVX¢©YwvdrcewbVcaX*zcaXmVzqi s b_¼f
A.t
s inkfcad¢|À­ _aU*WYXwi`inz s inkkV*Xp*  vw*zq_jfTn
(A.t)j =
∫
Γ
∫
Γ
G(|y − x|)
(
~t(x).~ϕj(y)− 1
k2
divΓ~t(x).divΓ~ϕj(y)
)
dxdy
°ÕXw*dncaw*bVc
s
b mVzhi
s
bV_jfWdgfhzq_ewX*­¡lXvw3fhX*bVz
s
drkpcaXwvdnp¤¥zhv¦bVXvklfh_jXvcÎXvpufzhX*WYmVcednw*mdrzw*X*cabV_
s
b
mzqi
s
bV_jfE2
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9WYdn_ap
s
dnkpNcjXp
s
X*box:wvdnpN_jcÎpv  dnn_jf
s
X%¤@dr_azhXzdtninkkVX*zNbVkVX
s
inkVk*XYpubVzq¤@dnw*_a¦bVX 2@phdrbof
s
X¢mzqXpqpq_jilk
Φ(x,t)
inb=wilbVzhdnkf
~t(x)
9dﬀIk
s
X,w*dncaw*bVcaX*zpqinkPdnw3fh_jilk'pqbVzcedYp}fhzqbwfqbVzhX
Γ
§
 L  UG\"S$U  WYUGN[Z P`cV>Ycgf0\^cTV \^WHYf0U<UGcTSGV
inbp¢drcacjilkpTfhX*kfqXvz
s
X\pu_aWYmVcj_ﬁIXvzcedY¤¥inzhWYX
s
Xc¡  XxomVzhXvphpu_aink>2
 
9¦bVX,c¡  ink:wSVXvzhwSX,©w*dncaw*bVcjXvzv§
y$ilbVzwX*cedV`_ac¤@drbofpqX¢pqinbnX*k_jz¦bVXwX¢fqXvzqWYX¢XvpufTvldnc©
cDΦ
oi c¡  ilmvzhdrfqX*bz
D
Xvpuf
s
!Ik_¼fmdnzTn
DΦ(x,t) =
1
4pi
∮
Γ×Γ
∂2
∂nx∂ny
Φ(y,t− |x− y|/c)
|x− y| dy
;{k mVzdgfh_a¦bVXl
cDΦ
Xvpufw*drcewbcjYpuilbp¢cad¤¥inzhWYX 2
 
9NmCinbVz£rfhX*zcaXvppu_akVlbVcadnzq_jfqp*§ﬂ²=dn_ap
s
dnkp¢cjX
wvd
s
zhX
s
XkVirfhzqXW\*fqSVi
s
XfqXvWYmilzqXvcjcaXn
¦bV_ﬁkXpv  _akfq*zhXvphpqX*zd=¦lbÕ  dnbox _akfqXvzhdlw3fq_ainkppqbpqdnW\WYXvklf
cain_akfhdn_jkVXp*ow*XvpmVzhincjUvW\Xp kVXkVinbpwinkwX*zhkVXvklfmdlp*§
¨
kPpqX¢zdrWYUvkVX
s
inkw©wvdrcewbVcaX*zn
c
∫
t∈


∮
Γ×Γ
∂2
∂nx∂ny
Φ(y,t− |x− y|/c)
4pi|x− y| ϕi(x)χm(t) dxdydt
2  X9
¨
kP_aklfhzqi
s
b_¼fcaXkVigtldnb
s
X¢zhX*Xvk
s
XkirfqzhXv¦bdrfq_aink n
G(R,t) =
δ(t−R/c)
4piR
2uv9
~N  XvpufﬁV_aX*kpu¯Vzﬁcad,fqzdrkpu¤¥inzhWY*X
s
X¢±VilbVzq_aX*z
s
bkVigtdrb
s
X ¢zqXvX*k
s
bmVzqilVcaU*WYX¤¥zhv¦bVX*kfh_jXvcwilzu­
zhXvpqmCink
s
dnkfqXF2A©pqdlin_az
eikR/4piR
93§ 2  X9mCX*bof¢*drcaX*WYX*kfNpv  wzh_jzhXw*inWYWYXbVkKmzqi
s
bV_jf
s
X%wilk`nir­
cabofh_jilk'XvkfhX*WYmp 2@kVirfh ∗ s drkpTcedYpub_¼fhX79 n
c
∫
t∈


∮
Γ×Γ
∂2
∂nx∂ny
G(|x − y|,t) ∗ Φ(y,t)ϕi(x)χm(t) dxdydt
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ilbpnXvzqzhinkpmdrzcedPpubV_jfqX
2ApuXw3fh_jilko§  V§ 9{¦bI  _acXp}fﬁfqzhUvpªpq_aW\mcjX s XcaXvpﬁzh*_aklfhzqi s b_jzhXn§
¨
kpuXNzhdnW\UvkVX s ilkw© s X*lin_azﬁw*dncaw*bVcaX*zTn
c
∫
t∈


∫
Γ×Γ
G(|x− y|,t) ∗ Φ(y,t)ϕi(x)χm(t) dxdydt 2}n89
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~ﬁilW\WYX
s
dnkpTcaXwvdnp ¤¥zhv¦bVXvklfh_jXvcAinkPwSVX*zwSVX¢WYdn_jkfhX*kdnklf©
s
wilW\mCilpqX*zTcaXkVigtldnb
s
X ¢zhX*Xvk
s
drkp%bVkVX'winkInbVzdgfh_jilk mVzhi`wSX
s
X'wX*cacaX
s
Xcad InbzqX5nn§
¨
k
s
pu_ankXmdnz S ced pumVSU*zhXbVkV_jfq
s
X
	
3 XfNmdrz ~s
bVk5mil_jkf¢n*k*zh_a¦bVX
s
X S § ¨ kKkirfqX ~R = −→yx §X\WdrkV_aU*zhX,¤¥ilzqWYX*cacaXnzhX*drz s inkp
c¡  inmC*zdgfqXvbVzTn
G˜(R,t) = − 1
8pi2c
∂
∂t
∫
~s∈S
δ(t− ~s.
~R
c
)d~s
sθ
sΦ
O
z
x
y
θ
Φ
M
M’
s
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¨
k wSVin_epu_jf%pqbVz\cad pumSVU*zhXbVkV_jfq S bVkFzhX*mCU*zhXinzqfqSinkVilzqWdrcÎfqX*c¦bVX'cA  dgxoX (Oz) pqin_jf s _azq_an
pqX*caink ~R
§
¨
k'ddncjilzhp
~s. ~R = Rcosθ
§
¨
k'mipuX
τ = Rcosθ/c
§VirfhzqXinmC*zdgfhX*bVz
G˜
mCX*bofNpv  vwzh_azqX@n
G˜(R,t) = − 1
8pi2c
∂
∂t
∫ pi
θ=0
∫ 2pi
φ=0
δ(t− Rcosθ
c
)sinθdθdφ
= − 1
4pic
∂
∂t
∫ pi
θ=0
δ(t− Rcosθ
c
)sinθdθ
= − 1
4piR
∂
∂t
∫ R/c
τ=−R/c
δ(t− τ)dτ
=
1
4piR
(
δ(t− R
c
)− δ(t + R
c
)
)
°ÕXmVzqXvWY_jXvzfqX*zhWYXXvpufXxVdnwfqX*WYXvklf,caXkVigtdrb s X¢zqXvX*k5fqX*cﬁ¦lbÕ  _acÎXvpuf s IkV_jf,mdrzc¡  ¦bdgfh_jilk
2uvX93§ﬁ°ÕX5pqXvw*ink s fhX*zhW\X5XvpufbVkfqX*zhWYX:mdnzhdlpu_jfqXKdnkfq_j­ wvdrbphdrc¡§ ;{k X«Xfvpq_ilk w*dncaw*bVcjXe2}n89Xvk
zhX*WYmVced
vdrkf
G
mdnz
G˜
VkVilbpdrcacjilkpTinVfqX*k_jzn

s
  bVkVXmdrzqfﬁcaXNfqX*zhWYXNSdrV_jfqbVXvcX*k
Φ(y,t− |x− y|/c)ϕi(x)χm(t) 2¥fqzd s b_aphdrkfﬁcaXN¤@dr_jfT¦bVXwX
¦bV_$pqXmdnphpuX,©cA  _jkp}fdrkf
t
drb:mil_jkf
x
Xvpuf¢w*ink
s
_jfq_ainkkV,mdnzNwX\¦bV_)pv  Xp}f¢mdnphpqdrb=mCin_akf
y
©\cad
s
drfqX
t− |x− y|/c 9§

s
  drbofhzqXYmdnzufbVk5fqXvzqWYXYX*k
Φ(y,t + |x − y|/c)ϕi(x)χm(t) s dnkpcjX¦bVX*cÎw*XY¦bV_ÎpqXYmdnphpqX\©
cA  _akp}fdrkf
t
drb5mil_jkf
x
Xp}fwilk
s
_jfq_ainkVkV\mdnz¢w*X\¦bV_
gdpqXmdnphpuXvz¢dnbKmil_jkf
y
©ced
s
drfqX2@©
nXvkV_jz-9
t + |x− y|/c §~ﬁXvcad\kI  d\V_jXvk=pu¯Vzmdnp s X,pqX*kpTmStopq_a¦bVXl§
°)d IlbVzhX5KfhX*kfqX
s
  _jcacabp}fhzqXvzYcad pu_ank_Iwvdgfh_jilk mVS`topu_e¦bVX
s
X=wXvp
s
XvboxFfhX*zhW\Xp
s
drkp\caX=w*dnp
mcjbpTpq_jWYmVcaX
s
  bkVXmV_jXvzqzhXfhinW%drkf
s
drkp c¡  XdrbI§o°Î  *lU*kVXvWYX*kfT©cA  inzh_an_akVX
s
Xp ink
s
Xp kI  Xp}fTmVcabp cad
mzqpuXvkwX
s
  bVkPminfqX*kfh_jXvcIpubVz
Γ
Wdr_epTc¡  _aWYmdnwf
s
Xcad\mV_aX*zhzqX©\cadYpqbVzq¤@dnwX
s
Xc¡  XdrbI§?)nXwcaXkVigtldnb
\zh*Xvc
δ(t − R/c)/4piR ocA  _jkAbVX*kwX s X%wXfvnUvkVX*WYX*kfpqbVzc¡  bkV_jlX*zppqX,mVzhinmdnnXpubVzbVkP¤¥zqilkf
pqmVSVvzq_e¦bVX¦bV_Tkd  afY©Kced
s
drfqX
s
Xc¡  vnU*kX*WYX*kf
t = t0
©=c¡  X*k
s
zhin_jf
s
Xc¡  vnUvkVX*WYX*kfÕXf
s
ilklf\cjX
zdtnilk=wzhi  efNwilW\WYX
R = c(t − t0) 2%IlbVzhXvld9§?)nXvwcjX%kVigtldnb Ymdnzhdlpu_jfqX  δ(t + R/c)/4piR 
caX,¤¥zhinkfNpqmVSVvzq_e¦bVX,mVzhvw*U
s
XcA  *lU*kVXvW\Xvkfvpuilk=zhdtlink
s
vw*zqi  af
R = c(t0 − t) CXfN_ac s _apqmdnzhd  afN©cad
s
dgfqX
s
Xc¡  vnU*kX*WYX*kf
t = t0
©=c¡  Xvk
s
zhin_jf
s
Xc¡  vnUvkVX*WYX*kfF2:InbVzhXKr9§)°ÕdPca_jfufqvzhdrfqbVzhX
s
pu_ankX
l*kVvzhdncjXvWYX*kf
w*XfqfqXink
s
Xdrkfq_j­ wvdrbphdrcaX mdrz{c¡  X*xomVzqXpqpq_aink ¢pq_jlkdrc¤@dnklfh£nWYX §l]`_cjXp
s
X*boxYpu_ankdrbox
pqinkfmVzhvpqX*kfpTX*k=WY¬*WYXfhX*WYmpvcaX¤¥zqilkf
s
  ilk
s
X,w*ink`nXvzqlXNlX*zpcA  *lU*kVXvWYX*kfdgdrkfwXvcjbV_j­Àw_ImVb_ap
pqX*W%VcaX¢zhX*Cink
s
_jzX*fzqXvmdrzqfTnX*zp cA  _akIkV_$drmVzhUvp
t0
2%InbVzhXYvnw793§
inbpnX*zhzhinkpfhinbofhX¤¥il_ap%¦lbX 
*d=kÕ  Xp}fmdnp,bkFmVzhinVcaU*WYXX*f%¦bI  _ac Xvpuf%dr_epu
s
XpqbVmVmVzh_jWYXvz%wX
pq_ankdncﬁ¤@dnkfq£nWYX'X*k mVzhX*kdnklfpqin_ak
s
  _aW\mCilpqX*z
s
XpwcedrbpqXvp
s
X=wvdrbphdrca_¼fh
s
drkp\kVinfqzhX'dncjlinzh_¼fhSVWYX
2ApuXw3fh_jilkPV§  §j893§ drz
s
dnklfwXvcadY©\c¡  XpumVzh_jfvVilkzhX*WYmVcednw*X¢caXkVigtldnb
G
mdnz
G˜
s
dnkpTkVirfhzqX*fqb
s
Xl§
?)nXwNcaXvpkVirfdgfq_ainkp
s
Xcad IlbVzqXYlnoinkPd n
~R = −→yx = −−→yM1 +−−−−→M1M2 +−−→M2x
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]odlwSdrkf)¦bVX
δ(t−t1)∗δ(t−t2) = δ(t−t1−t2) vilkmXvbof)¤@dn_jzhXªdnmVmdrzd efqzhXÎwX*fufhX s winWYmCilpq_¼fh_jilk
s X ~R
s _jzhXvw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!Ik_jXmdnzTn
(r ∗ s)k =
∑
j
rjsk−j
¢drkpTcaXw*dnp i 
rk
Xf
sk
pqinkf
s
XvpTpq_jlkdrboxEIkV_ap
s
XWY¬*WYX
s
bVzh*X
N
X*fT¦bVXc¡  bk
s
Xp
s
X*boxXp}f
mC*zh_ai
s
_a¦bVXp
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X s XvpTmbVcaphdgfh_jilkppqX s vw*inWYmipuX¢X*k'fhzqil_ap s ilWdr_akVXvpTn
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f C bVk s ilWdr_akVX s XkVirfhzqXpqbV s _j`_epu_ainkw*X*kfqzhTX*k M § ¨ kYkVirfhX RC cjXzdtnilk s X C 2@¦bV_
gdnbof
√
3a/2
mCinbVzNbVkKwbVCX
s
  dnzq¬*fqX
a
93§Cirfhinkp
rt
caX,mVcabpmX*fq_jfNX*kfh_jXvzNpufqzh_awfqX*WYXvklf¢pubVmC*zh_aX*bVz©
RC/c∆t
§
rt
XvpufX*k=¦bVX*ce¦bVXpuilzufhXcjXzdtnink
s
Xced%Ci  efqX C XvkkinWzqX s X c∆t §
â¥à$ÖIâäÒ
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Φ(y,t)
fhdnkfTk`bVcacaXNmCinbVz |t− n∆t| > pt∆t oXfced%¦bdnkfq_jfq ~s. ~yM fdrkfwinWYmVzh_epuXNX*kfqzhX −RC
X*f
RC
ced¤¥inkwfq_aink s XNzd s _edgfh_jilk FC(~s,t) Xvpuf mCinbzTphd,mdrzqf k`bVcacjX¢mCinbVz |t− n∆t| > pt∆t + RC/c §
]VdnwSdnklf¦bVX
RC/c < rt∆t
VilkXvk s  s bV_jf¦bVX FC(~s,t) Xvpufk`bVcacjXmCinbVz |t− n∆t| ≥ (pt + rt)∆t §
FC(~s,tk) Xp}f¢kbcjcaXmCinbVzfqilbof k l*zh_Idnkf |k − n| ≥ pt + rt §°IXkinWzqX s   vwSdrkfq_acjcainkpkVilk
k`bVcep%milbVz FC Xp}fYdrb mVcjbp 2(pt + rt) − 1 §ª~ﬁX'kVinW%VzqXXvpuf s ilkVkV'milbVzYcadK¤¥inkwfq_aink FC s drkp
pqink X*kpqX*W%VcjXl)Wdn_ap\pu_ ink p*  _jkfh*zhXvphpuX©:bVkVX s _azqXw3fq_aink
~s
mVzhvw*_apqXilb drb w*dnp%mdnzufh_aw*bVcj_aX*z s   bVkVX
w*X*cacjbcjX C s inkVkVvXnTcaX:kVinW%VzhX s   vwSdnkfq_acjcainkpkVink kbcap'mCX*bofP¬fhzqX drcainzpmVcabp¤@dr_aVcjX 2äfhinbofPX*k
zhXvpufhdnkf¢pqbVmvzq_aX*bz©
2pt + 1
cjXYkVilWVzhX s   wSdrkfq_acacjilkp¢kVink5kbcap¢mCinbVz
r
93§Õy$ilbVzpu_aWYmVcj_ﬁIXvzvink
zhXfh_jXvk s zdY¦lbXEﬁ &jﬀ 	!#$ *(-	ﬀ&%%ﬁD&+m&jﬀ& &0 +  &j !ﬀ&j(.
ﬀ&   #$ﬀ
ﬀ.
ﬀ& FC -+- ﬀEj ,+
2(pt +rt)−1 ¢drkpÎcjXwvd s zhX s   bVkw*dncaw*bVcVW%bVc¼fh_jmC£ncaXWYinkir­ kV_jlXvdnbIgwXkVilWVzhXTXvpufªcaXWY¬*WYXmilbVz
fhinbofhXvpcaXvp ¤¥ilkw3fh_jilkp s Xzd s _adrfq_ainkI§]`_Õink'bofq_acj_epqXbVkVX±{²K²7Wbc¼fh_¼­ kV_anXvdnbI
rt
s vmXvk sPs b=kV_anXvdnb
s inkw%wXkinWzqX,Xp}fcaXWY¬*WYX\milbVzfhinbofhXvpNcjXp¤¥ilkw3fh_jilkp s X%zd s _adrfq_aink FC pu_jfqbVvXvp¢©bVk5kV_anXvdnb
s inkVkVl§
°)dfhzhdnkpu¤¥inzhW\vX s X,±Vinbzq_aX*z s Xw*XfufhX¤¥inkwfq_ainkPXvpufTn
FˆC(~s,ω) =
∫
y∈Γ∩C
Φˆ(y,ω)e−i
~s. ~yM
c
ωdy
2Al 9
¨
k zhXfhzqilbVnXYbVkVX¤¥inzhWbVcaXzqXpqpqX*W%VcedrkfV_jXvkFpu¯z©PcA  fdrmCX
s
  _jk_¼fh_adncj_epqdrfq_aink
s
XcedK±{²K² Xvk
¤¥zhv¦bVXvkwXlgXfÎpqX*bVcocaXpu_ankVX
s
dnkp
c¡  X*x`mCinkX*kfq_aX*cacjXwSdnkVnXl§g°ÕdNzhdn_apqink%X*k\Xvpufªpu_aWYmVcjX[ngX*k%¤¥zq¦lbX*kfq_aX*c
kinbpYdnilkp\mVzh_ap\bVkVX
s
vmXvk
s
dnkwXP_aW\mcj_ew_jfqX=Xvk fhX*WYmpYX*k
e−iωt
drcainzp\¦lbÕ  _ew_mCinbVzmdnphpuXvz
s
b
¤¥zhv¦bVXvkfq_aX*cªdnb8fqX*WYmCinzhX*cÎilk8WbVcjfq_amVca_jXmdrz
e+iωt
2Aw3¤}§$v¦bdgfh_jilk   9§ÕNbFwinbmIÕced'¤¥zq¦bVX*kw*X
ω
s
drkpªcadW\*fqSVi
s
XN¤¥zhv¦bVX*kfh_jXvcjcaXwilzqzhXvpqmCink
s
© −ω s dnkpﬁkVirfhzqXwvdrcewbVcfqXvWYmilzqXvcA§`bmil_jkf s X`bVX
¤¥zhv¦bVXvkfq_aX*c¡ Fˆ Xvpuf,©drk s Xca_aW\_jfqvXYfqilbof,winWYWYX Φˆ ﬂXfpqX*bcjXYcedmCinzqfq_aink [−ωmax, + ωmax] s b
pqmCXvw3fhzqXªkVinbpÕ_jkfh*zhXvphpuXl§*RÕilbpIcaXvp
s
*lX*cainmVmCX*WYXvklfp
s
XﬁcadpqXvwfq_aink,o§ìŁTw*inkw*X*zhkdrkfIc¡  wSdrkfq_acacjilkVkdrlX
pv  drmVmVca_e¦lbX*kf© Fˆ §
y$inbz\wvdrcewbVcaX*z FC(~s,t) dnbox s dgfqXp tk Xf s drkpcjXp s _jzhXvwfq_ainkp,fhdrbVcjvXvp ~sij $inkFbVfq_acj_epuXvzhd s Xvp
mCin_akfhp
s
  _jkfh*nzdgfh_jilkp
s
XdnbphpªmVcednw*vp pubz ced\pubVzq¤@dnw*X
s
X
Γ∩ C §`y$inbVzwvdrcewbVcaX*z X*kpqbV_jfqX¢cadfqzdrkp}­
¤¥ilzqWYvX
s
XT±VilbVzh_jXvz FˆC(~s,ω) gink%milbVzqzdpqin_jf$¤@dr_azqXﬁbVkVX±
±$R s X FC(~s,t) rpqin_jf{w*drcewbcjXvz s _azhXvw3fhX*WYX*kf
FˆC(~s,ω) ©Ymdrzqfq_az s X 2¡n 9X*k=w*dncaw*bVcadnkf Φˆ(y,ω) mdrz±
±
R§C]  _ac)pv  dlU*zhX¢¦bVXc¡  ilkKdYmdnpXpuil_jk s X
ced¤¥inkwfq_aink
s
Xzd
s
_edgfh_jilk FC s drkpcaX s inWdn_jkVX\fhX*WYmilzqXvcA)wX s Xvboxo_jUvW\XwSin_jx:puXvzhdPphdrkp s ilbofqX
mzq*¤¥*zdrVcaXn§
 giTi 

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 giTi gi
h
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 dnmVmCX*cainkp5cad
s
!Ik_¼fh_jilk
s
X ced ¤¥ilkw3fh_jilk
s
X fqzdrkpu¤¥X*zqf
s
ilkVkV*X mdrz
c¡  v¦bdgfh_jilk 2u9 n
T ~MM ′ (~s,t) = δ(t−
~s. ~MM ′
c
)
]Vdfhzhdnkpu¤¥inzhW\vX
s
X,±Vinbzq_aX*zpv  wzh_¼fTn
Tˆ ~MM ′(~s,ω) = e
−iω~s. ~MM ′/c 2¡r9
Ö)ÖÌﬀoÝ3éØ$p
l  ﬀ8D&j
?_jkpq_$vwzh_jfqXnwXfqfqX¤¥inkwfq_ainkPkI  XvpufNmdlp s X,cedrzhnXvbVz s X,dnk s X IkV_jX%pubVzNcadpumVSU*zhXbVkV_jfq S §°IX
mzqi s bV_jf s Xﬁw*ink`nilcjbofh_jilk s X
T ~MM ′
mdrz FC kVXªmCX*bof s ilkwÎmdnp$¬fhzqXﬁ_jkfqvnzhﬁpqbVz S `_adcad¢¦bd s zhdrfqbVzhX
mzqpuXvklfh*X©cedpqXvw3fh_jilko§ V§ ÀcCwilk`_aX*kf s ilkw s XfqzhinbVlX*z{bVkVXzqXp}fhzq_ew3fh_jilk s X
T ~MM ′
drbox%¤¥inkwfq_ainkp
s X L2(S) s XNcedrzhnXvbVz s Xdrk s XN_ako¤¥*zh_aX*bVzhXNilbvldrcaX© L §`y$ilbVzwX¢¤@dr_azqXl`inkkirfqX Pl caX¢milcjt`kV£lW\X
s X°ÕX*lX*k s zhX s XzhdnkV
l
§V  drmzqUp"4an!6¡oilk'd\cedmVzhinmzq_afhpqbV_agdrkfqXdrbPpuXvkp s Xp s _apufqzh_aVbofq_ainkp pqbVz
[−1,1] n
+∞∑
l=0
(l + 1/2)Pl(x)Pl(y) = δ(x − y)
¨
k drmVmVca_e¦lbXwX*fufhXmVzhinmzq_afh©
T ~MM ′
dlXvw
x = ct/MM ′
Xf
y = cos(~s, ~MM ′)
2
y
XvpufYcjX
w*ilpq_jk`bp s Xc¡  drkVlcjX¢¤¥inzhWYmdrzcaXvpTlXvw3fhX*bVzp
~s
Xf ~MM ′
9 n
T ~MM ′(~s,t) =


c
MM ′
+∞∑
l=0
(l + 1/2)Pl
(
ct
MM ′
)
Pl
(
cos(~s, ~MM ′)
)
pq_ |t| < MM
′
c
0
pq_jkVilk
°ÕX%mCincat`kV£nWYX
Pl(cos(~s, ~MM ′))
*fhdrkf
s
X\cadnzqlX*bVz
s
X%drk
s
X
l
pqbVz S ink:ilofq_aX*kf¢¤@dnw*_jcaX*WYX*kf
cedYzhXvpufqzh_awfq_aink
s
X
T ~MM ′
dnbox¤¥ilkw3fh_jilkp
s
X L2(S) s XcedrzhnXvbVz s Xdnk s X_ako¤¥*zh_aX*bVzhXinbP*drcaX© L 
¦bVXc¡  ilkPkVirfhX
T L~MM ′
n
T L~MM ′(~s,t) =


c
MM ′
L∑
l=0
(l + 1/2)Pl
(
ct
MM ′
)
Pl
(
cos(~s, ~MM ′)
)
pq_ |t| < MM
′
c
0
pq_jkVilk
y$inbz,inofhX*kV_azced'fqzdrkp}¤¥ilzqWY*X
s
X±Vinbzq_aX*z
s
XwX*fufqXXxomVzhXvphpu_ainkIﬂilk kVXmCX*bof%mdnpbVfq_acj_epuXvz
s
X
fhzhdnkpu¤¥inzhW\vX
s
XT±VilbVzq_aX*z
s
_epqw*zqU*fqX 2@w*dnz
T L~MM ′
Xf
T ~MM ′
kVX pqinkf$mdnp
©drk
s
X ca_jWY_jfq*X X*k¤¥zq¦bVX*kw*Xn
lin_azcedzhX*Wdrz¦bVX,©wX\pubr|}Xf
s
XcedpuXw3fh_jilk5o§ìŁ`§í 9§drkVWYil_jkpvilk=mXvbofw*drcewbcjXvzXxomVca_ew_jfqX*WYXvklf
Tˆ L~MM ′
§Vy$inbzTw*X*cedVokVinfqilkp
jl
cad%¤¥ilkw3fh_jilk
s
X   XvphpqX*cﬂpumSV*zh_a¦bVX
s
XzdrkV
l
§oR)inbg|}ilbVzhp
s
  drmzqUp"4an!6¡
ilk'd`n
jl(k) = (−i)l 1
2
∫ +1
−1
eikxPl(x)dx
s
  i :ink
s

s
b_¼fcedfhzhdnkp}¤¥ilzqWYvX
s
XY±Vinbzq_aX*z
s
X
Pl
n
Pˆl(ω) = 2(−i)ljl(ω) 2Ty{cjbpNX*xVdnw3fhX*WYX*kfC_ac
pv  drn_jf
s
X cedfqzdrkpu¤¥inzhWY*X
s
XT±inbVzh_aX*z
s
XTcad¤¥inkwfq_aink%*ldncjX ©
Pl
pubVz
[−1,1] XfÎ© 0 mdrzqfqilbof{dr_acjcaX*bVzp*93§
¨
k'inVfq_aX*kfdrcainzp cad%fqzdrkp}¤¥ilzqWY*X
s
X,±inbVzh_jXvz
s
X
T L~MM ′
n
Tˆ L~MM ′(~s,ω) =
L∑
l=0
(2l + 1)(−i)ljl
(
ωMM ′
c
)
Pl
(
cos(~s, ~MM ′)
)
2¡lŁD9
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irfqilkp$¦lbXﬁkVilbp$drbVzh_jilkpImb s  s bV_azqX 2AlŁ 9 s _azhXvw3fhX*WYX*kf s X 2¡rX9I©mdrzqfq_az s Xﬁcad s winWYmCilpq_¼fh_jilk
pqbV_agdrkfqXE2¥_ephpubVX s Xm4an!6%9 n
eikx =
+∞∑
l=0
(2l + 1)(i)ljl(k)Pl(x)
XvkmzqXvkdrkf
k = −ωMM ′/c X*f x = cos(~s, ~MM ′) §
 giTi gi  
µµCº@Õ·¥µ
¨
kkirfqX GC′ caXªzhvpqbVcjfhdrf s Xªcedwilklincabofq_aink s XªcadT¤¥ilkw3fh_jilk s XÎfhzhdnkpu¤¥X*zqf
T L~MM ′
Xf s Xced%¤¥inkwfq_aink s Xzd s _edgfh_jilk FC n
GC′(~s,t) = T L~MM ′(~s,t) ∗ FC(~s,t)
NbPmil_jkf s X`bVXmVS`topq_a¦bVXl GC′ zhX*mVzhvpqX*kfqXc¡  dlw3fh_jilk s X C pqbVz C′ §
dnmVmCX*cainkp$¦bVXﬁced¤¥ilkw3fh_jilk FC(~s,t) Xvpuf)k`bVcacaXﬁmCinbVz |t−n∆t| > pt∆t+RC/c w*X ¦bV_zhX*mVzhvpqX*kfqX
2(pt + rt) − 1 wSdrkfq_acacjilkpkink kbcap2@dnb mcjbp*93§ﬁirfhinkp dt caXPmVcjbpYmX*fq_jfX*kfq_aX*zpufqzh_awfqX*WYXvklf
pqbVmC*zh_jXvbVzN©
MM ′/c∆t
§
dt
Xp}f¢cad s _apufhdnkwX s b=fqzdrkp}¤¥Xvzuf 2@_A§ Xn§CX*kfhzqX,caXvp¢wXvkfqzhXvp s XpCi  efqXp C Xf
C′ 9ﬁX*k'kVinW%VzqX s X c∆t §V°Õd%¤¥inkwfq_aink s X¢fqzdrkpu¤¥X*zqf T L~MM ′(~s,t)
XvpufTkbcjcaXmilbVz |t| > MM ′/c s inkw
dnbphpu_VmCinbz |t| ≥ dt∆t §°IXkVilWVzhX s   vwSdnkfq_acjcainkpÎkVinkYk`bVcepÎmCinbVz T L~MM ′(~s,t)
Xvpufﬁdnb\mcjbp
2dt−1 §
°)dY¤¥inkwfq_aink GC′ pqX*zd s inkwk`bVcacaX,milbVz |t− n∆t| > pt∆t + (MM ′ + RC)/c s ilkw,d\¤¥ilzufh_jilzq_
mCinbz |t − n∆t| ≥ (pt + rt + dt)∆t §;{k:¤@dn_¼fﬂmdrzcaX¢|}X*b s XYcA  vwSdrkfq_acjcainkkdrlXnCcad¤¥inkwfq_aink GC′
dnbVzd
2(pt + rt + dt) − 3 vwSdnklfh_jcacainkpkVinkFk`bVcepw*X*kfqzhvpX*k tn §$irfqilkp¦bVXcad:WYin_jfq_a s Xw*Xvp
wSdrkfh_jcacjilkpTwilzqzhXvpqmilk
s
XvklfT©
s
Xvp
s
drfqXvpdnkfq*zh_aX*bVzhXvp ©
tn
XfkVXpqX*zh`_jzhinkfﬁmdnpdrb'zhvpqbVc¼fdgf3IkdncA§
 giTi gi  
µ 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  `¹ º 

´ ´ ?Õgdrkf
s
XmdnphpuXvz©Pcad=pqbV_jfqXn)dgfufdrz
s
inkpkVinbppqbVz
c¡  XxomVzhXvphpu_ainkYinVfqX*k`bVXmilbVzªcedfqzdrkp}¤¥ilzqWY*X
s
XN±VilbVzh_jXvz
s
X
T L~MM ′
§
¨
kkVirfhX  L
~MM ′
(~s)
ced¤¥inkw3fq_aink
s
XNfhzhdnkpu¤¥X*zqf
s
XcadY±{²K² ¤¥zq¦bVX*kfq_aX*cacaXNfhzqilk¦bV*Xdnb'zdrk
L
§;{cjcaXXvpuf
s
ilkVkV*XmdnzTn
  L
~MM ′
(~s) =
ik
16pi2
∑
0≤l≤L
(2l + 1)ilh
(1)
l (k.| ~MM ′|)Pl(cos(~s, ~MM ′))
2¡
 
9
i 
k = ω/c
Xp}fcaX¢kinWzqX
s
  ink
s
Xn§;{k'¤¥zhv¦bVX*kfh_jXvcAoced
s
*mCX*k
s
drkw*X
s
Xvp ¤¥inkw3fq_ainkpTX*k
ω
XvpufV_aX*k
pq¯Vz_aWYmVcj_ew_jfqXl§$~ﬁinWYWYXdgfqfqX*k
s
bIIilk5fhzqilbVnX\bVkVXY¤¥ilzqW%bVcaX\mzqiowSVX
s
Xw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∂
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